One recent area of cancer research is irreversible electroporation (IRE). Irreversible electroporation is a minimally invasive procedure where needle electrodes are inserted into the body to ablate tumor cells with electricity. The aim of this paper is to investigate how uncertainty in tissue and tumor conductivity propagate into final ablation predictions used for treatment planning. Two dimensional simulations were performed for a circular tumor surrounded by healthy tissue, and electroporated from two monopolar electrodes. The conductivity values were treated as random variables whose distributions were taken from published literature on the average and standard deviation of liver tissue and liver tumors. Three different Monte Carlo setups were simulated each at three different voltages. Average and standard deviation data was reported for a multitude of electrical field properties experienced by the tumor. Plots showing the variability in the electrical field distribution throughout the tumor are also presented.
Introduction
One recent area of cancer research is irreversible electroporation (IRE). Irreversible electroporation is a minimally invasive procedure where needle electrodes are inserted into the body to ablate tumor cells with electricity. By applying an electrical field across a cell, the cell membrane becomes more permeable by developing nano-sized pores [1] . This process is called electroporation and comes in two varieties. The first is characterized by the permeability of the cell membrane only being temporarily changed and is referred to as reversible electroporation. Reversible electroporation was the first form of electroproation studied for modern medicine for the purpose of delivering new DNA cells [2] . Since then, reversible electroporation has been used for numerous drug uptake procedures [3] [4] [5] [6] . At higher electric field strengths, the cell membrane permeability becomes permanently altered and causes the cell to die. When increasing the permeability of the cell membrane for drug or gene uptake, causing irreversible damage that results in cell death is considered an unintended consequence that should be minimized. When cell death occurs the process is called irreversible electroporation.
In 2005, Davalos et al. mathematically showed that irreversible electroporation could theoretically ablate significant amounts of tissue without detrimental thermal effects [7] . This began the research of IRE as a minimally invasive ablation technique. One of the key advantages of IRE is that tissue ablation is well defined while preserving important structures such as blood vessels and collagen [8] . The strong demarcation between living and ablated cells makes IRE a well focused ablation technique that has potential to be used for tumors adjacent to major blood vessels and other critical structures. The first report of using irreversible electroporation to ablate tumors in vivo was done in 2007 [9] . Since then, IRE has been applied to kidney tumors [10] , prostate tumors [11, 12] , pancreatic tumors [13, 14] , and liver tumors [15] .
When a doctor decides to use IRE, it is important to consider electrode positioning and what voltage to apply to completely ablate the tumor while minimizing the damage to healthy tissue. Numerical simulations offers information to allow doctors to make informed decisions on how to best perform IRE procedures on an individual basis for patients. Using computer models to make predictions of electrical fields for IRE treatment is an essential part of treatment planning.
A factor of safety can be included in treatment planning by applying a voltage higher than what is numerically predicted to be necessary to ablate the target area. The question though is how high should this factor of safety be set? If the safety factor is too low, then the risk of incomplete tumor ablation exists. If the factor of safety is too high, then more healthy tissue is ablated than necessary. Currently, there is no agreement on what the factor of safety should be for treatment planning [16] .
We believe the factor-of-safety used in treatment planning should be a reflection of the level of uncertainty in the numerical results where the uncertainty in the numerical results are a result of the uncertainty in the tissue and tumor electrical properties. To the best of the author's knowledge, no research has been done for uncertainty quantification of irreversible electroporation. One goal of this research is to begin to better understand how uncertainty in material properties propagate through the mathematical model and into the final solution. The hope of this research is that a greater understanding in the uncertainty of the final solution will provide physicians and researchers with more knowledge to make better informed decisions on what level the factor-of-safety should be set at.
Uncertainty quantification aims to quantitatively determine how likely an event is to occur. For the case of IRE simulations, the quantity of interest is the ablation shape. This is of interest for medical doctors because they want to choose electrode placements and voltages that ensure a high probability of ablating all cancerous cells while minimizing the ablation of healthy tissue. Before this can be done, efforts must be made to characterize the uncertainty in the model. For IRE, uncertainty comes in the model parameters such as conductivity of the tissue. To begin to understand uncertainty in IRE simulations, this research reports results from running Monte Carlo simulations for ablation of a liver tumor.
Methods

Governing Equations
The time required to charge the membrane of the cell is estimated on the order of nanoseconds while the pulse time for IRE treatments is on the order of microseconds [17] . Thus, when performing a numerical simulation, the electric field can be assumed to be direct current due to the capacitance of the tissue charging much faster than the time scale of the pulses [18, 19] . The electric field for an electrostatic problem is found by solving
where σ is the conductivity and U is the electric potential. The electric field, E, is defined as the negative gradient of the potential, E = −∇U.
The magnitude of the electrical field is the quantity used to determine if a cell loses viability. For this reason, when performing IRE simulations the electrical field is often the quantity of interest. If σ is a constant, then Equation (1) is linear. However, it has been shown that the conductivity of tissue increases during electroporation [20] . Modeling the conductivity as a function of the electric field,
results in Equation (1) becoming nonlinear, but also results in a more accurate model. Often a sigmoid curve for the conductivity is used [21] [22] [23] . If the conductivity is isotropic, then σ is a scalar.
Conductivity Formulation
To account for changes in conductivity from electroporation, a sigmoid Gompertz curve for the conductivity can be used [21] [22] [23] [24] . A sigmoid Gompertz curve for conductivity has the form
where T and W are coefficients used for curve fitting, σ 0 is the the base conductivity before electroporation, σ max is the maximum conductivity a tissue can achieve after electroporation, and E is the l 2 -norm of the electrical field. The l 2 -norm of the electrical field is defined to be
and the values of T and W are found by fitting the curve for conductivity to experimental data. In Equation (4), σ is only a function of the electrical field's norm. The values used for T and W used are 950 V/cm and 200 V/cm respectively which are the same values used in [24] . It was stated in [25] that tissues increase conductivity between 3 to 6 times due to electroporation. A middle value of 4.5 was chosen to be used for these simulations. Therefore, for all simulations the maximum conductivity will be 4.5 times the base conductivity,
To account for uncertainty, σ 0 , will be treated as a random variable. Consequently σ max will also be a random variable as it depends directly on σ 0 . The distributions used will be a normal distribution. Monte Carlo simulations will be used with σ 0 for the tissue, σ 0 for the tumor, and σ 0 for both represented by a normally distributed random variable that will randomly vary between trials.
A recap of of the equations used can be found in Table 1 . Table 1 . Governing equations used to implement the irreversible electroporation (IRE) model.
Geometry
A two-dimensional geometry was used for the numerical model. It consisted of two monopolar electrodes whose centers are spaced 9.2 mm apart. In between the two electrodes is a circular tumor with diameter of 7 mm. The tumor is centered in a circular domain with a diameter of 7 cm. The electrodes have a diameter of 1.2 mm [26] . This results in a distance of 0.5 mm between the tumor and the electrodes. A schematic of the geometry can be seen in Figure 1 . 
Boundary Conditions
Boundary conditions need to be specified before Equation (1) can be solved. It is common for boundaries of the electrode to be Dirchlet type and the remaining boundaries to be Neumann type [27] . Specifically, the boundary condition for the left electrode will be
where V 0 is the applied voltage of the electrode. The right electrode will be set to ground and the boundary condition would read
The other boundary of the domain will be modeled as electrically insulating by enforcing
where n is the outward pointing normal [27] .
Monte Carlo Cases
Monte Carlo simulations were run for three different cases to evaluate how uncertainty in the conductivity propagates into predictions for the electrical field. The three different cases were:
1. Only the base conductivity of the tissue is a random variable 2. Only the base conductivity of the tumor is a random variable 3. Base conductivity of the tumor and tissue are both random variables
The Monte Carlo simulations performed here were based on the uncertainties in conductivity reported by Haemmerich et al. [28] . In their work, they reported liver tissue as having a base conductivity of 0.75 mS cm −1 with a standard deviation of 0.28 mS cm −1 , and liver tumors with a base conductivity of 4.11 mS cm −1 with a standard deviation of 2.56 mS cm −1 . The distributions for σ 0 for both tissue and the tumor will be normal distributions with mean and standard deviations as found in [28] .
When using the mean values for all variables, it was found that a voltage of 1725 V is the minimum voltage necessary to completely cover the entire tumor in an electrical field strength of 700 V/cm which is a common value used as the threshold for the onset of IRE [7, 24, 29] . However, in treatment planning, a higher voltage than the minimum is often used as factor-of-safety. For this reason, the three cases were also run at voltages of 1800 V and 2000 V. Different voltages were also used to examine the effect voltage has on uncertainty. Each case was run with 200 trials at the three voltages. This bring the total number of different setups to 9, which resulted in 9 different data sets each consisting of 200 trials.
Finite Element Solver
All simulations will be performed using the commercial finite element software COMSOL. COMSOL was chosen as the simulation tool because numerous other researcher groups have chosen COMSOL to perform their IRE simulations [21, [30] [31] [32] [33] [34] [35] . Although other finite element softwares seem capable, COMSOL was chosen due to its ease of use and proliferation throughout the IRE research community. To handle non-linearity, Newton's method was utilized and a direct solver was used for matrix inversion.
Results
Case 1: Uncertainty in Tissue Base Conductivity
First we investigate the effect of modeling the base conductivity for the healthy tissue as a random variable. The base conductivity for the liver tissue was treated as a normally distributed random variable with mean 0.75 mS cm −1 and standard deviation 0.28 mS cm −1 . The base conductivity of the tumor was kept constant at 4.11 mS cm −1 . Statistics concerning the electrical field strength experienced by the tumor were computed and are displayed in Table 2 . Percentages of the tumor experiencing electrical field strengths above a given threshold are displayed in Table 3 . A histogram for the average electrical field experienced by the tumor for 1725 V is displayed in Figure 2 . The histogram shows the shape is roughly symmetrical. Similar results were found for the other voltages and other cases.
As we are most interested in preventing tumor recurrence, we looked at the first quartile for ablation percentage. It was found that only 75% of the trials had at least 65% of the tumor experiencing an electrical field of 700 V/cm or more. For 2,000 V, all the trials but 1 completely covered the tumor in a field at least 700 V/cm. This clearly shows the need for using a safety-factor in the form of a higher voltage. The effect of using a high voltage on the amount of healthy tissue and total tissue ablated is displayed in Table 4 . It was also investigated to get an estimate of how many trials exposed 90% of the tumor to an electrical field strength of 700 V/cm. This was done to get an idea of the chance of recurrence by not eliminating enough of the tumor. For 1725 V, 29 out of 200 or 14.5% of the trials exposed less than 90% of the tumor to the ablating electrical field strength. This number drops to 9 out of 200 or 4.5% when a voltage of 2000 V is applied. These numbers seem high for both the 1725 V case and 2000 V case when the goal is to ensure a high enough level of tumor ablation to prevent cancer recurrence and suggest using an even higher voltage for treatment. Histograms showing ablation percentage at 700 V/cm is displayed in Figures 3 and 4 . 
Case 2: Uncertainty in Tumor Base Conductivity
Next, the effect the tumor's base conductivity had on the electrical field was investigated. This was done by modeling the conductivity in the tumor as a normally distributed random variable with mean 4.11 mS cm −1 and standard deviation 2.56 mS cm −1 . The base conductivity of the tissue was kept constant at 0.75 mS cm −1 . Results from the Monte Carlo simulations are displayed in Tables 5-7 .
Interestingly, it was found that there was a lower standard deviation in the percentage of tumor above a given electrical field strength when the tumor was a random variable instead of the tissue. This result comes as a surprise since the variability of the conductivity is higher for the tumor than the tissue. Again, the number of trials in which 10% or more of the tumor experienced an electrical field less than 700 V/cm was calculated. At 1725 V, it was 55 out of 200 or 27.7%, and for 2000 V it was 27 out of 200 or 13.5%. The histogram for the percentage of tumor above 700 V/cm can be found in Figure 5 for 1725 V and in Figure 6 for 2000 V. 
Case 3: Uncertainty in Tissue and Tumor Base Conductivity
This case best represents the scenario of treatment planning. When planning for a specific patients there is a degree of uncertainty in both the conductivity of the tissue and the conductivity of the tumor. The conductivity for the tissue and for the tumor are both treated as independent random variables whose distributions are the same as was used in cases 1 and 2. Statistics on the electrical field experience by the tumor are displayed in Tables 8-10 . Also histograms for the percentage of tumor above 700 V/cm can be found in Figures 7 and 8 for 1725 V and 2000 V respectively. Table 9 . Ablation zones percentage. Table shows percentage of tumor above a given electrical field strength from varying σ 0 for both the liver tissue and the tumor.
>1000 V/cm >800 V/cm >700 V/cm >600 V/cm >500 V/cm For a voltage of 1725 V, it was found that 10% or more of the tumor was below an electrical field strength of 700 V/cm for 55 out of the 200 trials. This number drops to 36 out of the 200 trials for the 2000 V case. This is a higher likelihood than when only the tissue was a random variable, and approximately the same as when only the tumor was a random variable.
If these simulations were used for treatment planning, it would surely be concluded that 2000 V is insufficient because 90% of the tumor was ablated only 82% of the time. Therefore, a 15% increase in voltage is an insufficient amount for a factor of safety for this setup. However, if we lessen the threshold of ablation to 600 V/cm, then for every trial at least 90% of the tumor or more was ablated.
Contour plots of the mean value of the electrical field experienced by the tumor is displayed in Figure 9 , and contour plots for the standard deviation of the electrical field is in Figure 10 . These figures show that there is higher standard deviation in the electrical field strength near the edges closest to the electrodes, and the least near the poles. This is similar to how the mean of the electrical field is greatest nearest the electrodes and least at the poles. To get a better sense of the percentage of change of the electrical field, the relative standard deviation was plotted in Figure 11 . The relative standard deviation is defined to be the standard deviation divided by the mean and is expressed as a percentage. 
Discussion
This paper presented the first attempt at understanding how uncertainty in how an IRE model's conductivity affects the prediction for the electrical field. This was accomplished by investigating each individual component of parameter uncertainty and then comparing the individual components to the case when all uncertainties are included. Furthermore, this paper contributed by displaying where in the tumor the greatest variability in the electrical field is.
It was found that uncertainty in the tumor conductivity played a smaller role than the uncertainty in the liver tissue when it came to the percentage of the tumor covered by a given electrical field strength. This is potentially good news for treatment planning as tumors have a high variability in conductivity. Conversely, variability in tissue conductivity played a larger role than tumor conductivity in the minimum, maximum and average electrical field strength experienced by the tumor.
Contributions of this paper were:
1. The first UQ for IRE simulations 2. That the relative standard error for the electrical field of the tumor is 0.2-0.3 percent and it's distribution throughout the tumor 3. That a 15% increase of electrical field resulted in ablating 90% of the tumor only 82% of the time.
Current practice when treatment planning for IRE is to set a margin of safety. It is the author's belief that the safety margins used in treatment planning should be a reflection of the level of uncertainty in the simulations used for treatment planning. This research aimed to begin to provide a greater understanding of uncertainties so that medical doctors can make more informed decisions when deciding what the safety margins should be.
The goal of this work was not to provide a definitive answer to uncertainty quantification for IRE, but to encourage the application and research of uncertainty quantification in more aspects of treatment planning protocols in irreversible electroporation. IRE is still a relatively new field of study, and as such there is still growing amount of experimental data for conductivity of various tissues. As such there is many opportunities for future research. More specifically, experimental work is needed to better understand the uncertainties of various tissues. More mathematical and numerical work is needed to better understand how these uncertainties propagate into final ablation predictions.
The potential value of this research is to begin to provide expectations of uncertainty in treatment planning and experimental results for IRE. For all three cases, the total area of ablated tissues had a relative standard deviation of ∼10%. This amount of uncertainty helps with establishing expectations of accuracy for simulations used in treatment planning of IRE. It is would be reasonable to expect similar standard deviations when comparing experimental IRE procedures on livers to simulations.
This research used uncertainties for conductivity for the liver, but future work could use different organs. Uncertainties in the conductivity is not the same for all tissue, and these different uncertainties in conductivity could be used to develop different factor-of-safety guidelines for different tissues. Future work can also be done to see the effect tumor size has on uncertainty.
In the simulations, it was assumed that the max conductivity for both the tissue and the tumor increased 4.5 times. There is of course uncertainty in the actual value of σ max for the tissue and the tumor. Therefore, another area of future work would be to incorporate the uncertainty in how a tissue's conductivity changes in response to an electrical field.
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